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The  Low  Density  Plasma  Sheath 
In  Cylindrical  Geometry 


Jerald  V.  Parker 

Recently  Kino  and  Self^  have  solved  for  the  electron  density  and 
potential  in  a  low  density  (long  mean  free  path)  plasma  in  the  slab  geo¬ 
metry,  obtaining  solutions  valid  through  the  sheath  region.  This  paper 
reports  the  solution  of  the  problem  for  the  case  of  cylindrical  geometry. 

p 

We  consider  the  problem  as  formulated  by  Tonks  and  Langmuir  who 
wrote  for  the  electron  density  a  simple  Boltzmann  dependence 

ne(r)  =  nQ  exp(eV(r)/kT)  (1) 

and  for  the  ion  generation  a  term  proportional  to  the  electron  density 

S(r)  =  a  ng(r)  (2) 

where  V(r)  is  the  electric  potential  and  nQ  is  the  axial  electron  den¬ 
sity. 

The  ion  density  at  any  radius  is  then  given  by  an  integral  of  the 
source  function 

n 

Combining  equations  1  and  3  with  the  Poisson  equation 

V2  V(r)  =  ~  (n,  -  n  ) 
o 

and  changing  to  the  dimensionless  variables 


S(p)  £  dp 
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t(r)  =  J 

0  [V(p)  -V(r)] 


(3) 
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kT 


yields  the  equation  governing  the  potential  within  the  cylinder 
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Gelations  to  equation  4  were  obtained  numerically  for  the  potential 
t](s)  and  for  the  normalized  electron  density  ne/nQ  * or  several  values  of 
the  parameter  p  .  Figure  1  shows  the  potential  tj(s)  with  the  location 
of  the  wall  marked  for  several  possible  ion  species.  The  location  of  the 
wall  is  determined  by  the  condition  that  the  current  of  electrons  and  ions 
be  equal.  The  ion  current  is  given  by 


while  the  electron  current  is  assumed  to  be  the  flux  from  an  electron  gas 
with  local  density  and  a  Maxwell-Boltzmann  velocity  distribution, 


6  2  fn 

Setting  these  two  currents  equal  and  changing  to  dimensionless  form  we  have 

s 

-  w 

exp(Tj(sw))  J  exp  q( a))  do  (5) 

e  o  w 

where  s  is  the  radius  of  the  wall. 
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In  Figure  2  the  electron  density  for  a  mercury  plasma  is  plotted 

2 

against  B/8W  f°r  several  values  of  the  parameter  0 

A  quantity  which  is  of  interest  in  microwave  experiments  is  the 
ratio  of  the  zeroth  to  second  moments  of  the  electron  density 


J  ng(r)  r^dr 
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=  r2M 
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(6) 


n  (r)  r  dr 
e' 


The  number  M  is  plotted  as  a  function  of  0  in  Figure  3. 

At  the  end  of  the  report  are  tabulated  the  potential,  the  electron 
density,  and  the  first  and  second  derivatives  of  the  potential  for 


several  values  of  0 


2  7 

For  values  of  0  5  10  one  may  use  the  table 


for  0  =  oo  with  an  error  of  less  than  0.3%  except  for  the  sheath  which 

2 


is  less  than  0.002  s  thick  for  these  values  of  0 

w 


At  the  end  of 


each  table  is  listed  the  value  of  s  and  the  average  electron  density 

fv 

a~  I  ne(p)p  dp 
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for  each  ion  species. 


In  attempting  to  compare  this  theory  with  experiment  one  should 

2 

note  that  it  is  not  necessary  to  know  a  .  The  value  of  0  can  be 
calculated  from 


o  n  e  r  2  .  r  2 

.  z-s-i—)  -  A  <r> 

Vo  "  e 

2  €okTe 

where  X.  -  - is  the  Debye  length  at  the  center  of  the  cylinder. 
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